CHUONG 6

TINH CHAT CUA HE LUC
TAC DUNG LEN VAT RAN TUYET pOI

I. LUC VA HE LUC

1. Luc va vecto mémen cla luc ddi vdi mdt diém

Dai lugng vecto co ban dac trung cho tic dung tuong hd vé mat co hoc gita
hai chat diém hay co hé 13 luc.
Trong vit rin tuyét déi, luc duoe quan niém 12 mot dai luong duge truyén
di véi 16¢ dé 16n vo han. Trong chuong nay ching ta s& nghién ctu nhitng tinh
chdt co ban cua hé luc tic dung 1én vat ran tuyét déi.
Ta goi luc ? 12 mot vectu truct cd
duong tic dung nam trén dudng thiang D
(hinh 6-1). Luc? nay c6 thé thay déi diém
dat trén gid D cta ching ma khong lam >
thay ddi dic trung co hoc cua he.

Vecto mémen clia modt luc déi vdi P '“i':;:;&" p
o~ =3 N oy -t A'
mot diém 14 gi?

Goi P 12 mét diém trén vat khao sat.

Vecto momen clia ?dc‘:ii vdi P 1a mot dai Hinh 6-1
luong vecto duce dinh nghia:
—> > — — >
M(P) = f A AP (hay PA A ) (6-1)

Dinh nghia d6 khong phu thudc vi tri cua A 0 trén gid. Thue vay, vi du lay
mot diém A’ khdc A (hinh 6-1). Theo dinh nghia ta cé:

—> > e —>
MP)y =T AAP=fA(A’A+AP)
-tg- — > —

AAP+ A ATA
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- —»

Viriang: fAA'A=0
—> —>
nén M(P){\‘ = M(P)A

-
Xét mot quan hé gifta hat mémen cua f déi vot hai diem P, Q bdr ki trong

khong gian.

Theo dinh nghia ta cé:

— > —
M{Q)=f A AQ
—> —» —»
Nhirng AQ=AP+ PQ
> > —» > —» - —>
Vay: M(Q)—fA(AP+PQ) fAAP+ T APQ
hay: M(Q) = M(P) + f A PQ (6- 2)

Vay tru‘d_& vectd M la mét trudng phan d01 xing. Vecto cia trudng la f
Tap hop f vi M tao thanh mot wocxo. O day f 1a mot lye nén toocxo dd duge
go1 1a toocxa luc.

2. Hé luc
2.1. Phan tir rat gon

-
Cho mot tap hop nhiéu luc f; (i =1, 2, ... n). Goi phan tr rit gon cla tap
hop d6 14 hé hai vecto sau day:

L
= Zfi
=1 (6—3)
—> n» —>
MQ) = 2§ AAQ
i=1
. L=
Ta hiay xét mdi quan hé giita R vd M cia tap hop dé.
_}
Tinh tdng momen cia hé lue f; d6i véi P. Theo dinh nghia ta cé:
n
MP)y= > f, A AP
i=l
n— — —
Nhung vi AP=AQ+QP
— > —> n>» —>
nén M(P) = Zfl P AIQ + Zfl ~ QP
i= =]
. — -> —»
Hay M(P) =M((}) + R n QP (6-4)
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>  — . . . >
Vay R va M lap thanh mot 1oocxg mdi. né 12 téng cia cdc tooexo luc f;.

Truong hop riéng quan trong
L3 _b _—’ .
Khi tong R = 0 tir (6-4) ta co:
— —
M(P} = M(Q) (6-5)

Nghia la momen tai moi diém 1a bang nhau. Ta goi trudng dé 12 mat trudng

ngdu lirc déu.

2.2. Hai hé luc twong duong
Ta ¢6 dinh nghia vé su twong duong caa hai hé hee nhar san (hinh 6-2):

Néu hai h¢ thong vecto luc khdc nhau ¢ cdc thanh phan rit gon déi véi

mot diém nhu nhau thi hai hé thong vecto luc dé 1a trong duong véi nhau. Noj

mat cdch khac khi hai hé thong vecto lue ¢é cing mot toocxs doi véi mot diém

thi ching tuong duong. Nhu vay dé xdc dinh mot toocxo clia mot hé lue ching

—»

_).
ta chi can cdn cif vao cdc thanh phan rit gon R va M cua né.
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Hinh 6-2
Ta xét cdc trudng hop cu thé sau day.
2.a. Khi bat bién vo hudng cia toocxo la bang khong
Sau khi riit gon vé 0 ta cé diéu kién:
> —>
J=R.M(O)=0 (6-6)

Diéu do chi co thé xay ra trong cdc trudng hop sau day;
> > —» -

byR=0vaM(O)=0

Nhu vay ta cé mot toocxo khong.



Trudng hop nay lai [a trudng hop hét siic quan trong.
-
Vi f 1a cdc luc nén day la cdc diéu kién can bang cia bé lyc. Muén mot he
luc duge cdn bing thi toocxd lyc cla hé Iue dé phai 12 mot toocxo khong. Nghia
1a phai cé mot luc hai diéu kién sau:

=
{R=O

= (6-7)
M(O) =

——

, . .. i i e .
Sur dung mot hé truc toa dd vudng goc Pé-cac Oxyz v 1, j, k la cac vecto
dom vi trén céc truc toa do thi ta ¢ the viet:
Feoleslesk
=51+ 82) + 53
{ - (©-8)
.Mzh{]l+M2‘]+M3k
(M d&i vdi bit cit diém nao)
Dleu kien R =0 va M =0 dan den sau phuong trinh hinh chiéu vdi ky
hiéu: f ~fml+fwj+f,zk OA—‘(I+)’_]+1’k

81 = IE‘fix =0, M;= Z(yifi, —zifiy)
L= i=1

]

n
s;= Lhy =0, My Z‘(Zifix —xifi;) (6-9)

T
sy= 2f;, =0, Ma= _Zl(xifiy - yifi)
iz

Dé ciing 1a sau diéu kicn cta hé lyc can bang.
> > —» -
OR=0vAMO) =0
bo lﬁ’mc}t trudng ngiu lyc déu. Momen & moi not la bang nhau.

Nghia 12 mot hé lyc dd duoc thu vé thanh hai luc song song bing nhau va

ngugc chidu nhau.
_).

-> > —»
dHR=0vaMO)y=0
Heé thong duge thu \é thanh mot vecto lye di qua O.

> > —>

. e)RiOvaM{O}::O
Vay R vt M(O) phai vuodng géc vdi nhau (hinh 6-3).
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Khi d6 ta luon luén tim thiy mot diém A sao cho N
—_ > —» M[O)

OA AR =MQ)

. |
e b e T . o
Tir biéu thic (T-9) tacé: //’,W
—* R AMO) > n

OAz——_';-2— +KR
R

N Hinh 6-3
Vay he lyc thu gon vé thanh mot vecto lue R tai A.
Hé luc tuong duong v6i mot luc dat tai A.

2.b. Khi bdt bién vo huéng J cia toocxo la khdc khong
Gia st l’chi thu gon mot hé thang cdc tyc ta duge mot toocxd (1) V6 CAC 104
do tai Q 1a [R, M(Q)] va ta co diéu kién:
> -
J=R.M(O)=0 (6-10)
Khi d6 ta ¢6 thé tich (1) thanh hai toocxo (1)) va (1,). Cdc toocxd nay co
chc toa do tai (@ nhu saw:
() {0, M(O)] (6-11)
‘_} .
(1) [R, O] (6-12)

Nhu vay (t,) 1a mot toocxd ngau luc déu (trudng hop c) va (12) 1a mot lyc
di qua Q (glis-x0) (trudng hgp d).

3, Cac trudng hop dic biét clia cac hé luc

3.1. Khi cic luc ciing nim trén mot gia (hinh 6-4)
-
Gia sit cdc luc 1, cung ndm trén gia D.
Hé tuong duong s& 12 mot tuc duy nhét ndm
trén gid D voi

—
f':

1=

—
R = (6-13)

1

" . _> 3 - L] )
Diém dit cua R 12 mot diém P bat k¥ tren D. Hinh 6-4
3.2. He cac lyc ¢6 gia dong quy tai mot diém
Gia sir O 1a diém déng quy cla cdc gid. Trén hinh 6-5 ta v& hai gid thi i va

j nao d6 cua hé.
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Céc phdn tir rut gon tai O cta h¢ la:

- 11—
R = Zfl
1=1
- - '
M(O) =0 (6-14)

Nhu vay hé tuong duong voi mot lwe duy nhat qua O.

Hinh 6-5

3.3. Hé cac luc song song
> ) . pali
Goi u 1a vecto don vi song song Vol Cac vects lire f; (hinh 6-6).

Vecto chinh s& [&:
_)

f = u.Yf (6-15)
i=1

™=
H

oy

1

W

a) Néu R f, =0 (6-16)

1]
s

1

0

thi (a c6 hai kha nang:

o Néu tdng momen cuia hé doi voi mot diém nao dé 1a bang khong:
—_— >

—> n -
M) = Sf AA0=0 (6-17)
i=1

Ta suy ra momen ¢ meoi noi la bing khong va ta c6 mot toocxds khong.
Nghia 12 cdc phuong trinh (6-16) va (6-17) 1a cdc diéu kién dé he luc song song

can bang.
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e Néu 1éng momen cla hé doi v mot diém nao dé 1a khic khong:

—» n—=» . —r
M(O)= 3f, A AO= 0 {6-18)
i=1

Khi dé momen & moi di€ém 1a nhu nhau, ta ¢é mot wrudng ngdu lue déu.

Nghia 13 hé lyc wiong duong mot ngdu lyc (hinh 6-6b).

p
a)
b)
Hinh 6-6
n
a) Néu R=3f 20 (6-19)
i=1
Khi do i} s6 moémen tai O s€ 1a:
n-—* —_—
M(O) > AAO (6-20)
i=l
C6 thé vi€t (6-20) lai dudi dang:
MO) = SEMAAQ) = zf(OA AT) (6-21)
i=l
Vi )n:f]- 1a khac khong nén ta luon luén tim thady moét diém G sao cho:
i=1
n —
> f.0A,
— : .
0G=&=—— (6-22)
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Tir do ta ¢é:
— I >
M(O) = \:OG.Zfl AT =0G AR (6-23)
i=1

Hé ¢6 thé thu gon vé mot lyc duy nhat f{di qua G. Ta dé dang nhan thay
rimg néu la céc lyc song song thi cong thic (6-22) cho phép 1a x4c dinh duge
toa do cha hop luc cua phimg lirc song song do.

Ciing trong cong thifc (6-22) ta chii ¥ rang f; 1a s6 do vo hudéng cﬁa_ft (do
l6m cia Ty, Nhu vay f, phy thuoc vao diém dat luc A; vi m3i diém wong dng vGi
mot lyc. Vay néu xem f; = m; (m; ]a mot khéi lugng nao dé) thi (6-22) dugc viét
lai nbi¢ sau (ban doc¢ tham khio chuong 5 cua sich nay):

no——= >
0

1 —
S f0A, - 3 f0G =
i=l 1=1

n — —_

i —_—
hay Y £GA, = Y mGA; =0 (6-24)
i=1 i=l

Theo dinh nghia G 1a khéi luong clia he khdi hrong m;. Trong truong hop
mot vat thé tin thi (6-24) dugce vietlai dudi dang:

— -
[GALpdv =0 (6-25)
:

V 1 thé tich ctia vat rdn, &V 1a vi phan thé tich tai A; va py 13 kh&i luong
riéng tai A;.

Khi dé (6-22) trd thanh cong thic dé x4c dinh vi tri khoi tam cia hé. Khi
hé nim trong trong trudng thi G 12 trong tam cua hé. Cing ¢0 thé sir dung
(6-22) dé xéc dinh trong tam clia mot he phing (mot dien tich phang). Tuong
tyong hé phing hay dign tich d6 dat vuong goc vdi phuong cha trong trudng Oz.
Cic truc Ox, Oy nam trong mat phing ctia he. Ky hi¢u dign tich phing 1a S. Tai
A ta ¢6 vi phan dién tich dS. Xem trong lugng riéng cia S 1a nhu nhau & mol
noi. Cong thirc (6-22) s& duge viét lai duéi dang (hinh 6-7):

—_
N JoA,as

oG = 2——ro 6-26
3 (6-26)
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Chigu xuéng cdc truc toa do ta duge cic

Y
phuong trinh dai s6 dé xac dinh toa do trong 0 >
tam G cua hé phang. oS

xdS
XG = j
> 6-27
vds (20 ¥x
YG = -
5 Hinh 6-7

trong d6 X, y la toa d6 cua A,

Cic tich phan & t& s6 (6-27) dugc goi 1a cdc momen finh cta ién tich déi
vdi céde truc Oy va Ox.

3.4. Hé ciac hrc dong phing

Ta goi hé f; 1a dong phang khi moi M
. . " . -
diém A; nam trong mat phang {n) va f T
1a cac vectg song song vai () {hinh l

6-8). Khi d6 cdc vecto moémen phai 0

vuong goéc voi 1.
n A-'/f_?
e A
Néu R = Zfi 1a bing khong va

— = Hinh 6-8
M(O) 1a khdc khong thi hé tuong

duong véi trusng ngau luc déu. He duge thu vé hai vectd trugt trong 7t sONg

song va nguge chiéu.

_’
Néu R 1a khéc khong thi tich vo hudng

> —>

J=R.M(O)=0

He cé thé dua vé mot vecto trugt duy nhét ¢6 diém dat P trén dudng:
> —»
i L
Ob = R A U\;[(O)

IR

3.5. Piéu kién cAn dé hé ba luc tao thanh mét toocxo Khong

—>
+ AR (6-28)

> > > .
Gia sit c6 hé ba vecto f, f,, {3 v6i cdc diém dat A[A,A4 (hinh 6-9). Ta tim

diéu kien dé ba vecto d6 1ao thanh mot toocxo khong.
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Nghia la ta phai ¢6 hai diéu kién:

a) E phai triét tiéu;

b) M cling phai triét tiéu.

Ta hily xét didu kién M phai triét tiéu.

Chon ngay diém A, d€ thu gon vecto momen vé dd.

Ta co:
> — > — >
M(A;) =f, A A A3+ T A AYA;=0 (6-29)
e

Vi f; da di qua Az nén momen cua
né la bang khong. Diéu kién (6-29) noi

. > >
1én rang cac vecto momen do f; va f, gay
\ - —
nén phai thang hang. Mémen 1, A AjAs
phm vudng goc v@i mat phang ta0 boi A,

va f, Momen fz A AjA'), phal vudng goc

v@i mat phing tao boi 12 vi A Nén hai
vectd momen dé phai thang hang cé
- N 2 > . . -+
nghia la mat phéng (f;, As), phai tring Hinh 6-9
v6i mat phing (fz. Aq)
Céc vectoo f1 va f~, phai nam trong mat phang A, AsA..

Vi diéu kien thi hai. Ta phai cé:
B > » _)
i =fi+f+f=0 (6-30)

. . .

Piéu kién nay cho ta két luén rang f; ciing phai ndm trong mat phang

A A,A,. C6 thé xay ra hai kha ning.
- > 4 2

* f, va f, ¢6 phuong giao nhau tai mot diém irong mal phang A A>As. Vay
fq cung phai qud diém dé dé can bing vdi 16ng cua f, va fz

* f1 va f’) song song v6i nhau, Nhu vay f; ciing phai song song vo chung
Ta ¢6 hé ba luc song song ddng phang. ? phai cé gid tri bang tong cla fl va f’)
va phai ¢6 chiéu nguge lai.

Két fugn. Dé mot hé ba lyc tao thanh mot 10oCX0 khong [a ba lyc phai dong
phéng va phai co:
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