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Chuyen as 9

LI THUYET TRO CHOT

I. M6t s6 khai niém
1. Vitri |

La tap thong tin'vé tro chm tai tung 12h01 dlem Nhfmg vi tri chira dyng nhiéu kha
ning din t6i chién thing cho ngudi nao di t6i duge nd goi 1a nhitng vi tri c6 loi
(cho ngudi choi chiém duogc loi thé). Nguroc lai ¢6 nhitng vi tri chira dung nhiéu
kha ning din ti thét bai cho i ngudi ndo di téi n6 goi 13 nhitng v1 tri khong co loi
(nguoi choi bi vao the bt loi).

2. Lugt choi .

La nhitng quy dinh cho phép nguoi ch(n thuc hién cac phep bién ddi chuyén trd
choi tir mdt vj tri hién tai t&i mot vi tri khac. Mot bude di hop 1€ 1a mét phép bién
déi theo diing luat choi. Vi tri két thuc 1a vj tri tir n6 khong thé di chuyén tiép.
3. Tro choi doi khdng
La tro choi hai ngudi, khi mdt ngudi choi dugc loi thé thi ngudi choi kia s& gip
bét lgi. Nhitng trd-choi nay chia lam hai loai: trd choi c6 théng tin diy da va trd
choi c6 théng tin khong diy du. Sy phén chia nay dua trén co s& ngudi choi cé
 biét ddy di moi théng tin vé vj tri hién tai cua dbi phuong hay khéng. Chéng
han, c4c trd choi véi thong tin dily di nhu c& card, c& tuéng, c& quédc té; céc tro
choi véi thong tin khong day da nhu tré choi danh bai (ngudi chorl che déu
nhimg quéan bai khéng cho ddi thu biét). '

4. Trong moi trd choi, qua trinh choi ¢6 thé duge biéu dién dudi dang cu tric
cdy c6 hudng (d6i khi 1a dd thi cé. hu'orng) g01 la cay tro choi. Nut cua cac ciy
nay biéu dién mot vi tri tro choi (nat goc 1a vi tri khoi dau nit 14 13 vj rri két

thuc). Cung (1 ) trén céy thé hién mdt bude di hop 18 chuyen tr. mQt vi tri i dén
vi tri j ké tidp.
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Il. Tré choi t& hop can bing

1. Mota ' . .
Tro choi tb horp can bing lé‘tr‘c‘)‘chdi déi khéhg 'thoé mén nh\"mg diéu'kién sau:

-C6 hai nguoi choi (nguorl di dau ki higu la 4, ngudi kia la B);

Cé mot tap hfi'u han céc vi trf 66 thé xay raX (céc trang thal) cua tro choi.
C6 quy luat choi Q. Quy lut ChOl ap dung cho hai ngu’bl choi 1a can
bing nghia 12 mé&i ngum choi den lugt mlnh deu cd quyen chon mét phép
di chuyén hoplg tuyy.

Hai ngudi choi 14n luot, m&i 14n thuc hién mét phép di chuyén hop 16.
Tro choi két thiic khi dat t6i vi tri két thiic. Thong thudong quy dinh ngudi
di chuyen dugc cubi cing 1a nguoi thé.ng, ngudi nao den lugt ma khong
thé di chuyén dugc nita thi thua (mot sb tro choi cling c6 thé quy dinh
nguoc lai). ‘ v

Néu trd choi khong bao gw ket thuc s& ¢o mot thong bao rat tham. Cé
thé b6 sung thém didu kién nao d6 dé tro choi két thic khong can thong
’ béo rut tham nhu: Trod choi s& két thic khi-da c6 da mdt sé 13n di chuyén
nhat dinh (ke ca trudong hop con budce di chuyen tiép, ...) ma khéng diu
thu nao théng thi hai dau thu 1a hoa.

a) Tap P, t&p N-va cach tim

bé thudn tién cho viéc x4y dung thuat toén (glanh thing) cua tro choi, nguoi ta
dua ra khai mém tdp P va tdp N. D6 13 hai tap thoa man céc tinh chét sau:

(a)Ta at ca cac v; tri két thic deu thuge P.

(b) Tir mbi vj tri thuoc N Iuon co. t’t nhdt mot di chuyen tGi vz tri thuoc P

(c) T uw moz vi tri thuoc P, moi dz chuyen deu toi vi tri thuoc N.

Hinh 9.1. Tgp P va tﬁp N
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" T dinh nghia trén, d& dang suy ra thudt toan giénh thing nhu sau:

Thugt todn gianh chién théng cho ddu thii A khi ban ddu A nhin vi
tri thugc N la: dau thi A luén di chuyen tdi cdc v; tri thu()c P bugc
ddu thi B chi c6 thé di 16i vi ‘tri thupe N.

“Néu ban dau d4u thu 4 bj nhan vj tri thuoc P thi 4 cin kéo da1 trd choi cho dén
mdt thoi diém nao 6 trong qua trinh choi do B vd ¥ sao cho 4 ¢c6 duge vi tri
thudc N thi din den A4 luon di vao v; tri thuqc P (vay trong truémg hop nay 4
théng phy thudc'vao sy v ¥ cta B). ‘

Taco the tim tap’céc vi tri thuoc P va thuge N bi«."mg dé quy nhu sau:
‘Buoc 1.Gén P = - @. Gan N = @. Nap céc vi tri két thuc vao P.

Bude 2. Tim céc: vi tri c6 thé di chuyén dén mot vi tri nao dé thudc tap P, nap |
. chiing véo N \ s '

Buoc 3. Tim nhfmg vi tri chz ¢ thé chuyen dén céc vi tri thugc N nap chung
‘vaio P. v

Bude 4. Dimg tim kiém.

b) Mot s6 vidy |

Vi du 1. Trd.choi Lam réng va phdn chza : )
Phat biéu: Co hai chiéc hop, mét hop dung m quén ¢d, hop con lai dyng n quéti
c& (m, n € N"). Hai du thu 13n uot choi. M&i lin dén luot choi cta minh, ddu
tha d6 14y hét quén co trong mdt hop rdi dem cac quan ¢ trong hdp con- lai chia -
vao hai hop sao cho mbi th phai c6 it nhét mdt quan, RS rang trd choi két thic

khi mm hdp con mdt quan Diu thi nao duqc choi luot cu01 s& gianh chxén
thing: Hay tim céc vi tri thuoc tap P, cac vj tri thuoc tap N o :

Phdn tich. Trong trd choi nay, mdi vi trf choi 1a mot cap s thé hién sb quﬁn co
' trong hai hop Vij tri khm dau 1 (m, n). Ching ta s& chimg minh tip :

{(m n’)l m'van' lasb nguyen lé}

J

1a tap céc vj tri thuoc P va tap {(m n ) m' hoé.c n la sb nguyen chﬁn} la tap céc

. vi tn thudc N That: vay

Trudc hét, thiy vj tri két thac 1a (1, 1) € P.
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Béy git gia sit (m’, n’) € N thi hodc m' chin hoic »' chin. Khéng mét tinh chét
téng quat, gia st m’ chin. Tix vi trf ndy, chiing ta chon phép chuyén Ja: ]am rdng
th thir hai (chira #') va chia m' quén c6 trong hop thir nhét thanh hai phﬁn véi
56 quan c& trong ca hai phin déu 1& cho vao hai hop, di t6i vi tri (s, m' — 5) v6i s -
la: so lé(1<s<m-1),nghiala(s,m' —s) e P. Vay tir mét vi tri thugc N, luﬁn
tim duqc it nhét mot phép chuyén téi v1 tri thudc P

T1ep theo, gia st (m’, n') € P nghia la m’ van' d¢u 1¢. Néu lam rdng hop thi
- nhét (chia m') va lay n' quan cia hdp thit hai chia vao hai hdp va chuyén t6i v
tri(s,n —s)véil <s<n-1,thisvan —skhong thé cung 1¢ (do tdng cua
~ chung bang »’ 1a sé 1), do d6 (s, n' —5) € N. Tinh trang twong ty khi lam réng
hop th hai (chia n ) Viy moi phép chuyen tir vj tri thuQc P deu chuyén t6i vj
Cotri thuoc N.

Vidy 2. Tro choi Ldy bét qudn &

Phat biéu, Trén ban ¢6 C quéin c&. C6 hai ddu thi chou lan luot. M&i 14n, ngudi
choi dén luot s& lay ra khéi ban tir 1 dén M quan co. Ngum thing 1a nguoi 14y
dugc quén cd cudi cing. Chuong trinh doc hai s§ nguyén duong C va M tir tép
. vin ban vidu2.txt (C trong khoéng tir'1 dén 10%, 1< M < C), 1p trinh vé6i giao
dién trén man hmh dé ngudi choi véi may (u'u tlen cho nguoi di trudc) véi thuit
toan gianh thing cho may. '

Phdn tich. Chiing ta dung phuong phép phan tich ngugec, xét tir vij trf két thic d&n
~vi tri khéi dau. Vi tri két thuc 1a vj trf ng véi s quén co bang 0, day 1a vj tri
thuqc P. Néu trén ban con 1 ho¥c 2... hodic M quén co thi dén luot dhu thii nao lay
hét s6 quén co trén ban co thi s& ti vj tri két thuc va thing cujc; vay céc vj tri nayA
thugc N. Néu con lai M + 1 quin cd, ngudi dén lugt du lay kleu ndo cling phai dé
lai trén ban sb quén c¢ 13 1 hoic 2 ... hodic M, nghia 1 tir vj tri M + 1 quén ¢ chi
c6 thé di t6i cac vj tri thudc N, vay vi tri M + 1 quan co 14 vj trf thudc P. Bing
cach Ii giai twong ty, di dén két luan chung 1a: c4c vi tri gdm 0, M + 1, 2(M +1),
3(M + 1) quan ¢, ... 13 c4c vj tri thude P, céac vj tri con lai. (phan du cta phep
- chia s6 quan co h1¢n tai cho M + 1 14 khéac 0) thuqc tap N. :

Chién thuat gianh chién thdng. Neu s6 quén c& C ban diu khong chia hét cho’
"M + 1 (nghfa 13 d4u thi 4 ban diu nhén v; tri thudc tip N), thi 4 thang mdi l4n
4 cén l4y sao cho luén dé lai trén ban sb quén chia hét cho M + 1 (nghia 1a 4
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luén bugc ddu thi B phai nhan vi tri thude P d& B chi ¢6 thé di tiép dén vi tri
thudc N). Nguoc lai, néu sb quan C ban dau chia hét cho M + 1 (4 ban du & vi
tri thugc.P) thi A chi nén lay 1 quén c& dé kéo dai trd choi, dgi vd ¥ (néu cd) ciia
B sao cho A4 vao dugc vi tri thugc N, khi d6 4 phai di chuyén t6i vi tri thudc P.
fﬂ% ::wcﬁhiﬁ&sl i g nf;bétéﬁ&ﬂféfi_?; :Qﬁ&kﬁft’7_f¢§§f“§Y 

uses crt;
const fi = 'vidu2.txt'; _
var c, (56 qudn banddu}

m, &m%ﬁqm&w. ‘
move, {s6 qudn dugc chuyén ciia mot legt)

ml : integer; ﬁh#]}«

OK : boolean;
procedure nhap;
var £ : text;
begin

assign(f, fi); reset(f);

’read(f, c, m); ml := m+l;

Writeln(’Tong so quan:',c,'.Quan chuyen toi da la:',m);

close (f);
end;
procedure thuatthang;
begin ’

move := c mod ml; -

dec(c, move); ) ) _

writeln('May chuyen so quan:',move,' so quan con:', c);

OK := not OK; ‘
end} o
procedure keodai;
begin

dec(c,1); .
~writeln('May chuyen so quan: 1, so quan con: ', c);

OK := not Ok; '
end; : .
procedure nguoidi;
begin :

J»

write('Ban chuyen so quan:  '); readln(move);
dec(c, mové);y ' o
writeln('So quan con lai la: ', c);

OK := not OK; B '

end;
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BEGIN
clrscr;
" nhap;
OK := True;
while c>0 do
bégin
nguoidi;
if c=0 then break;
if c mod ml <>0 then thuatfhang else keodai; "~
end; '
if OK then writeln('May thang ')
. else writeln('Ban thang ');
readln;
END.

Sau day 1a thuit todn lép trinh tro choi d6i khang glanh théng cho méy khi tién
hanh trd choi giita ngudi va may tinh: : :

1. Thé hlcn giao dién chon d4u thu di truéc;
\ {blén OK = True 1a ngudi di truge; OK =F alse 1a méy di truéc)
. OK := False

Tao vj tri ban dau;
Thé hién vitribanddu; -
While (chura 1a vi tri két thiic) do
begin
If OK then Ngu-oz di;
* If (két thic) then Thoat khoi while;
If (la vi tri thugc P) then May di keo dai tro choi
else qu di theo thudt thing; '
End; ‘ _ : o s
. 6. If OK then théng tin Nguoi tha'ng else thong tin Mdy thiing;
Trong mdi chuong trinh con Nguoi di, Mdy di kéo dai tré choi, Mdy di theo
thudt thdng déu c6 chung noi dung 13: Thé hién budc di va vj tri sau khi di, ddi

gi4 tri bién OK. Riéng trong chuong trinh con Mdy di theo thudt thdng con tuy
thudc trd choi, dAu tién cin tim budc di gianh thing cho thich hep.

“woA W

51



Vi du 3. Trd choi Trir dan.

Phdt biéu. Cho tap S gbm hfru han céc sb nguyen duong, goi la tap trir. Trén
mdt coc ¢6 N quén, hai dAu tha 14n luet choi, mdi 14n chuyén di s quan khoi coc
(s € S). Pdu tht nao dugc chuyén lan cubi cing thi thing. Vlet chuong trinh
- théng bo cho biét ddu thu di diu c6 chic thﬁng khéng? ~

Input: Tép vzdu3.mp gdm hai dang:
" o Dong th nhit ghi s6 nguyén duong N;

e Dong thir hai ghi c4c sé nguyén duong trong tép trir S (sip tang dan).
Output: T¢p vidu3.out nhu sau: Néu déu thi di ddu chic thing thi ghi s§ 1, néu
khong chic thing thi ghi s6 0.

Phdn tich. Xét trd choi trir déin véi tdp trir 1a S = {1, 3, 4):

Trong trd choi ndy, mdi vj tri ctia trd choi 1a mot sé quin con trén coc .tai ti‘mg
thoi diém: Chung ta tim tip P cta trd choi ndy: C6 dling mdt.vj tri két thic 1a 0
~d6 1a vj tri P. Do d6 cac v; tri 1, 3,48 thuQc N vi tir ching c6 thé chuyén t6i 0.
Nhung vi-tri 2 thuQc Pvity 2 ¢6 duy nhit mdt phép chuyen den 1 (la vj tri caa N).
Con 5 va 6 phai thudc N vi n6 cé the chuyén dén 2... Chung ta s€ mo rQng két
~ luin bing quy nap va tim dugc P = {0 2,7,9, 14, 16,...} la tap céc so ‘nguyén

khong am khi chia cho 7 con du 0 ho3c 2..Con N chia cac s6 con lal )
N={1,3,4,5,6,8,10,11,12,13,15,..}

Nhdn xét. Khi 1@p trinh, dé tim dugc cac vitri P va N trong tro choi néy chung ta
c6 thé dang phuong phap d4nh dAu trén mang mot chleu A

 Jo[1[2]3]«]s]s]7[s]o 10 ui2]13]14 1516
P|N|P|N|N|N|N|P|N|P|N|N|N|N|P|N|P
aiff1]of1]{o]ojofol1jof1]{o]o ofof1|o|1

Vcn vitrii thuéc tdp P thi ghi nhén 4[i] = 1, néu i thuoc t4p N thi ghi nhin
A[i] = 0. Ngodi ra céc sb thudc:tdp trir'S dugc.luu vao mang mdt chidu S (gia sir -
com sothuéctaptrtr) Ban diu khéi trj 4[0] = 1; sau d6 xét c4c vi tri i tir 1 dén n. ,
Véi mdi vi tri i, ching ta duyet tat ca céc vj tri ¢ thé di, tiép theo tir i, 46 1a céc
vi tri i — S[].¢ tir 1 dén m), néu thay tAt c& cdc vi tri i — S[]] déu thuéc tap N
(nghia 13 A[i —s[j]} = 0) thi vi trii. chmh lé vi;tri thudc. tap P. Nguqc lai neu cé
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mdt vi tri trong cac vi tri i — S[j] 1a vi tri thudc P thi két lugn ngay vi triila vi tri

thudc N.
2

const fi = 'vidu3.inp';
fo = 'vidu3.out';

max =:100000;
var n,m : longint; .-

a : array[O..max]vpf-longint;

s : array[0..max] of longint;

f,9 : text;

IS lohgint; YIER ]
funection la P(i : longint): boolean;
var j: longint; AL A ’
begin

la;P := false;
for ji=1 to m ‘do’

‘if i-s[3]> 0 then

if ali- s[J]] =1 thcn QXIt,

. la_P := true;
- end;

BEGIN

.. assign(f,fi); reset(f);-

readln(f,n); ‘ -
m := 0; S
while not eoln(f) do
begin -
inci(m); ,
*read(f;s[m]);
and, . s
'close(f),- .
for i:=0 to n do al[i] := 0;
af0] := 1; :
for i:=1 to n do I R
if a[i]=0 then
‘if la P(i) then a[l]
assign{g, fo); - A
‘rewritetq);

if a[n]=1 then: wrlte(g,O) elae wrlte(g,l),

close(g),
END.

33



2. Tong Nim va tro choi Nim :

. P& c6 thuat chién thing trong nhimg trd choi ddi khang ta cAn xéc dinh dugc tap
P va tgp N Céng viéc néy co the dugce gidi quyét dé dang hon nh& khéi mem
tébng Nim. .

a) Téng Nim |

Tong Nim cta hai 56 nguyén khéng am 1a két qua phép cong khong nhd cia hai
s6 d6 trong hé co sb 2 (con ng la CQng theo modun 2). :

Vidul

S& 14 hé thap phén viét duéi dang cos621a 1110

S6 55 hé thap phén viét dudi dang co sé 21a 110111,

Téng Nim cua ching la: ' 111001, (12 57 trong hé thap phan)
Vay 1455 = 57 Thu'émg ki hi¢u phép toan cong theo modun 2 1a ®.

Vidy2 - |

S6 3 hé th@p phﬁn viét dudi dang co s621a 11

S4 5 hé thap phan viét dudi dangcosé21a  101q

S5 8 hé thap phan vit dudi dang cosb21a 1000,

Téng Nim cia ching la: 1110, (1a 14 trong hé thap phan)

Viy3®s5® 8=14. | : ‘ ¢

’Trong ngon ngt’r lﬁp trinh Pascal ki higu phép todn @ (tinh tong Nlm) 13 xor,
trong C/C++1a” ,

Phéptodn @ c6 tinh chat ket hqp, giao hoén. bic b1¢t

0@a= a,aea 0,dod6 néua®b=adcthib=c.

Cé the tao ra tdng Nim cta hai s nguyen khong ém x va y bang cach 14p bang
“nhu sau: Tai 6 giao diém cua cft x va dong y ghi x®y; d6 1a sb nguyén khong
am nhé nhit chua c6 trong tip céc sb @4 c6 tai céc 6 (¥, ) v6i 1 < x' <x va cac
s dacotaicdcd (x,)) véil <y <y.Chiy 0@y=yvax®0=x.
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y o 12 3 4 5 6 7 8 9 101 12
o o 1 2z 3 4 5 6 7 8 9 10 11 12
1l1 0o 3 2 s 4 7 6 9 8 11 10 13
2 |2 3 o 1 6 7 4 '5 10 11 8 9 14
3 3 2 1 ©8 7 6 5 4 11 10 9 8 15
4|l 4 s 6 72 0 1 2 3 12 13 14 15 8
s {s 4 7 6 1 0 3 2 13 12 15 14
6l 6 72 4 5 2 3 0 1 14 15 12 13 10
7 2 6 5 4 3 2 1 0 15 14 13 12 11
g8 | 8 9 10 11 12 13 14 '35 0 1- 2 3 4
9 | 9 8 11 10 13 12 15 14 1 ©0 3 2 5
\ 10 |10 11 8 14 15.12 13 2 3 0 1 6
\ 11 /11 10 s 8 15 14 13 12 3 2 1 0 7
42 |12 13 14 15 8 9 10 1 4 5 6 7 O

b) Trd choi Nim chudn

Trd choi Nim chudn nhu sau: Cé ba coc 1an lugt chia
x1, X2, X3 quén. Hai nguoi choi lan luqt tao ra cac budc
di chuyén quan. M&i budc di chuyén 1a: chon mét coc
tuy y con quéin va 14y b6t mot s6 quin & coc nay (tir
mot quén cho dén toan bo quan). Ngudi chién thing la
ngubx 14y duoc quan cu01 cung Trubng hop tong quat
6 sb coc tuy y.

Hinh 9.2.
Trd choi Nim chudn

c) Dinh If Bouton : | » R

Méi vi tri (x), x2, x3) trong tro choi Nim ba coc la vi tri P khi va chi
khl tongNlm xPx;®x3=0 '

Vidy Vi tri (5, 7, 9) trong Nim ba coc Umg véi tongNlm 56799=11>0nén
né 1 vi tri N. Cé thé kiém tra thiy vi tri (4, 12, 8) 1a vi trf P.

Dinh If con 4p dung véi trd choi Nim c6 sb coc nhiéu hon.
" T dinh 1i suy ra chién thuat glanh thing trong trd choi Nim chuén nhu sau:

\ Gia st vj tri hle;n tai Ia (x],xz, »X,) tuong ung vai tong Nim la

g—xl@xz‘@..,@xn >0.
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C6 thé chu'ng minh s& tdn tai thanh phan X, ma x =g®x, <x;. Cich d1 dé
gxé.nh chién thing 12 giam coc x, thanh x.

Vi tri méi (xy, x2, ..., Xi-1, ‘x,- s Xit1s , x,,) cé tong Ni’m lag =0vi
g=50x0..0x.,0 5 0xu®..0x, |
‘ =x1®x2$...€3x,~_1$[g@x,]@xm@.‘.@x,,

=(x, ®x, 9,..69?,_1 S x, @x,+,...®in)$ g=g®g=0.

Nguge lai ciing c6 thé chimg minh: néu vi tri hién tai 12 (xy5%5,...,%,) tuong Ung
v6i tdng Nim 12 g =x, ®x,D.. @x =0 thi sau phép di chuyen bét ki déu din
t6i vi tri méi c6 tong Nim duong

Do 46 néu vj trf ban dﬁu (%1,%5 5 ,x )cé tbng Nim du'ong thi ngubl A luén thang

Trong trudmg hep néu tdng Nim bing 0 (v trf bit lgi) thi ngudi 4 chm cém,ch\mg
kéo dai trd choi ching han m3i l4n gidm di 1 (hoc sé nglu nhién) & mot cot bat
- kidé ché saf lam cﬁa d6i thﬁ B khién A nhin duqc vi tri c6 tdng Nim duong.

3. Trb choi trén do thg

Mét s8 trd choi ¢ thé mé ta bang db thj c6 hu'érng M3i vi trf cua trd chm dugc coi
nhu _mgtginh clia 45 thj va m61 phép di chuyén hop 1é duge xem nhir mdt cung din
tir dinh ndy sang dinh khéc. Chung ta s& dinh nghia ham Sprague-Grundy (SG) dé
xéc dinh dwoc c4c vi tri thudc tip P hodic N cia trd choi trén dd thi. .

- a) D8 thitrd choi | |

Db thi cia mot trd chox 13 do thi cé hu'drng G = (X F) v6i X 1a tap dinh khong
rdng - 46 13 tép céc vi trf cta tr6 choi va F 13 ham trén tdp X sao cho véi mdi
x € Xthi F(x) 1a mét tap con thude X tuc la x€ X = F(x)c X . Céc dinh thuoc
| F(x) dugc goi 1a nhimg dinh cb. the toi tir dinh x. Neu F(x) rOng thi x 1a dmh
két thiic. Mot phép di chuyen hop 1¢ 12 di tir dinh x t6i mqt dinh thuoc F(x)

Trd choi td hop cﬁn bang c6 hai ngu’én choi duwoc méd phong trén do thl
G = (X, F) véi dinh xuét phét x, € X va tuéin theo céc quy tc sau:

(1) Ngudi choi thir nhét di trude va bit déu tr dinh x,;
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) Hai ngudi choi 14n lugt thuc hién phép di chuyén trén db thi;
(3) Tai vi tri x, ngudi choi dugc di chuyén dén batki y e F(x);
@) Ngu'bi choi nao dén luqt,phéi nhan dinh két thic 13 ngudi thua.

Hinh 9.3

Vi du trd choi trir s6 véi tap trir lé {1,2, 3} bt dau v(n coc cé n=10, c6 the mo
ta nhur méot do thi cé huéng (X, F) nhu sau:

Tap X = {0, L...,lO}.Héchécéc gid tri cu thé 1a: ,
F(O);= 8, F(1) = {0}, F(z) ={0,1} vd F(x)={x-1,x-2,x-3{n2x>2}.

b) Ham Sprague-Grundy

Ham Sprague-Grundy (SG) cia mét d4d thi G = (X, F) duqc dinh nghia nhu sau:
mdi dinh x clia 45 thj dwgc gin mot sé g(x) 12 sé nguyén khong 4m nhé nhét
khong ndm trong tip cic gié “tri g(y) cua cac dinh y téi duge tr x:
g(x)=min{n20:Vye F(x),n # g(y) } . Dinh x néu.Ja dinh két thic thi g(x) = 0.
- Déi khi con ding ki hiéu: g(x) max{g(y)|Vy € F(x)}.

' Khi trén d& thi trd choi xéc dmh duoc ham Sprague-Grundy chung ta s& x4c
- dinh dinh x lé bét 1(;1 neu g(x) =0 va 13 dinh c6 l¢i néu g(x) > 0. That vay, vic

e Ngudi nhan dinh két thuc (céd g(x)= 0) thi khong cod phép di chuyen txep
‘ theo nita nén thua (thudng quy dinh 1a thua). ' \

e Néu nhén dinh x c6 g(x) =0 va khong 14 dinh két thic thi moi céch di
ddu dén dinh y ¢b g‘v( y)>0 chua "la'dinh ké‘t"th\ﬁé nén ngudi ﬁép theo
vin con di tiép dugc. Vay nhan dinh x ¢ g(x) o va khong 13 dinh két
thic thi 461 tha chua thua, -

;; . v Neu nhan dinh g(x) >0 thi luén ton tai mot dinh y e F(x) ma g( y) 0

budc dbi thu phéi nhén, cir tiép tuc nhu the cuél cing budc dbi thi phéu
nhan dinh két thuc va thua.

\
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Vi dy. Trong trd choi Trir ddn véi ‘tajli) trirlaS={1,2,3,..,q} thi 46 thi tro choi
¢6 ham Sprague-Grundy 14 g(x) = x mod (a +1).
c) Téng trd choi ’ : _

- Gia sir chung ta ¢6 nd6 thi trd choi aGi= X, Fi), 2= (X, F), ..., Gy = (X,,, F,).
Néu méi luot di duoc chon choi trén mot trong 7 tré choi nay thi chung ta td hop
ching thanh dd thj trd chou méi 1a: G = (X, F) goi 1a dd thj tong ctia cac db thi
thanh phan G, Ga, ..., Gy Ki hituG=Gi+ Gy + ... + G, Pd thi G ¢6: Tép dinh.
Xla mét tich Pé«cac X = X x X5 x...x X, gom tht ca céc\bé X =(X1,X2, ..., Xp) VOi
xi€X,i=12,. v M. Véi m01 dmhx € X, tdp cac dmhtheo sauxlé
F(x) F(X1, X2 oney ) )

- =Fi(x) x {xz} Xoo X {Xn} U {x1} X Fa(02) XX {Xa} U oo U {1} X {32} X, x Fi() ”
Do mét phep di chuyen tu x chira ding mét phép di chuyén tir x; téi mot diém
thudc Fi(x,) nén c6 thé v1et F(X) = {(Xy50 s X1, X5 X 1500 X ) 1 X € F(x;)}.

Vt’ dy Trb chou Nxm ba cgc, c6 thé coi nhu tdng cua ba trd choi Nim mdt coc.
Chiing ta cén mét phuong phép tinh ham Sprague-Grundy trén dd thi tdng cac ‘
tro choi khi blet ham Sprague- -Grundy trén timg d6 thi tro choi thanh phan

d) Dinh I Sprague-Grundy , k
Néu g, la cdc ham Sprague-Grundy trén dé thi cua tro chai thanh "
phdn G, voii=1, 2, .., n, thidé thi tong cua ching la -'
- G=G;+Gy+ ..+ G, |

5€ ¢6 ham SG la: g(xp, x3 ..., Xn)=81(x1) D g:x2)® ... D gn(xn) .

Vi dy 1. Ki hiéu G(m) 1a trd choi trie ddn mét coc véi tap trix 13 Sy = ={1,2,...,m}
6 thé trir b6t tir 1 dén m quén trén coc, ta ki hiéu ham Sprague-Grundy cua trd b
choi nay 13 g,,(x) thi gn(x) = x mod (m + 1) va 0 < gn(x) < m. ;

Cho ba tro choi trir dan trén mét coc cy the la: tro choi G(3). véi sb quan trén
mdt coc 12 9; trd choi G(5) véi sb quén trén mot cpc 1a 10 va tro chcn G(7)véi sé
quan trén mdt coc 1a 14 : ; j
~ Xét trd choi tong G= G(3) + G(S) + G(7) cé vi tri khoi dau 1a 9, 10, 14) Ham '_

Sprague- Grundy cua vi tri- kh(’n dau la: |

B
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209,10, 14) = g3(9) @ gs(10) ® gy(14)=1 © 4 ® 6=3.

Mot phép chuyén tbi wu 1a: trong trd choi G(7) chuyen dén vi tri 13 vi g7(13) 5
nén g(9, 10,13) = g3(9) @ gs5(10) & g1(13)=1 ® 4 & 5=0.

Sau day 1a mdt s6 vi du vé nhing trd choi c6 tén 1a Ldy va phdn chia la nh\"mg
trd choi trén cdc coc ma phép di chuyén 1 13y bét quan khéi coc hogc phén chia
mét coc thanh nhiéu coc khac rong theo nhirng didu klen nao d6.

Vi du 2. Tro choi Kayles .

Phit biéu. Hai ngudi choi tro lan béng (bowing). Trude hai ngudi 14 mét hang

quéa bowing ma qua thir hai da bi danh db. Gia sir ca hai ngudi choi thanh thao

dén mirc c6 thé lan db bAt ki mot qua bowing ndo hodc 1an db hai qua bowing

- bat ki canh nhau. Hai ngum lan luot 1dn béng. Quy dmh ngudi lan d6 qué
bowing cudi cling s& thing. ‘

Phdn tich. Khi danh 46 mét hodc hai qua bowing & céc dAu hang chinh 1a phép
liy di khéi coc (hang) mot hoic hai quan. Khi d4nh dé mét hoic hai quén (¢
gitta hang) chia coc thanh hai thi d6 1a phép phén chia coc.

‘Ching ta hay tim ham Sprague-Grundy cho tro choi nay. Chi c6 mét vi tri két
thuc 1a coc rdng, viy g(O) 0.

A\
\

x | Céc dinh y ké tiép x | S Céc_gié tri g(y) . g(x)
[1To — o T
2|1,0 " Lo 2
302,1,(1,1) . 2,1,1®1=0 3
413,2,0,2,(1,1) 3,2,182=3, 1@1—0 | BE
514,3,3, i)~(22)(12) 1,3,30 1-2,262-0,102-3 |4

Khi x2>72, céc gia tri g(x) bét dAu tudn hoan véi chu ki 12, day gia trj g(x) sau
duoc l3p mai:

N 5

x |..]72|73 74175 |76 | 77 78 79 | 80 8182183
gx)|...l4 |1 |2|8(114]7]2111]8 2|7
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Vi du 3. Trd choi Treblecross

Phat biéu. Trén mét ha‘mg cond Vuong dé tréng. Hai ngudn chm lan luot ghi X
vdo mét & trong khéong ké véi 6 da cé X, Ngudi ghi ¢hit X cudi cung 1a ngudi
théng Tinh ham Sprague- Grundy cua trd choi nay.

Phdn tich. Trd choi ndy cé the mb ta nhu trd choi trén mdt coc ma c() thé bé bért;
céc quén trén coc hodic chia coc thanh hai coc.

Néu n =1 c6 diing mét phép chuyén t&in=0. , .
Véi n> 1. Mot phép ghi X vao 6 & mét trong hai dhu déng I tuong Ung loai trir
hat quin ér dhu 46 khéi coc. Dt X tai 6 cach 6 & mdt trong hai d4u véi khoang
céch 13 mét 6 thi twong duong loai trir ba quan & dau @6 khoi coc. Dt X tai 0
khéng phéx 8 & hai d4u (va khéng phai tai 6 ké 6 X ¢4 c6) twong duong loai trir
ba quin & diu dé khéi coc va chia coc thanh hai coc méi. Vay quy luft di
chuyén trong trd chm nay la:

(1) Néu coc chi c6 mét quén thi loai bo quén néy,

* (2) C6 thé logi bé hai quan;

’ (3) Cé the»loal bo ba quén; , } .

(4) Chia coc @6 thanh hai coc c6 thng sé quan giam di 3. ;
Gia str 44 tinh dugc éié‘tr‘i ham SpfaguerGrundy c_ﬁa'céc coc0,1,2,...,9. Bay
gid can tinh g(11). V6i quy lujt trén, tir coc 11 s& di t6i coc 9, coc 8, hai coc
(1, 7), hai coc (2, 6), hai coc (3, 5) va hai coc (4, 4). Coc 9 ciing c6 thé coi nhu
hai coc (-1 9), coc 8.coi nhr hai coc (0, 8) va quy u6c thém g(-1)=0thita cév
thé d€ viét cong thirc tinh g(11) 14 sb nguyén khéng 8m nho nhat chua c6 trong
cécsog(a)@g(b)méa+b =11-3=8. ‘ ’

a |-1]0]1|2]|3]4]5]|6[7]|8]9
~ |e@|ofo|1{1|2]0f3|1|1]0]3
lew |3 ol i]1]sol2]1]1

b |9(8|7]6]5[4]|3]|2(1

Vaycé.cglétnmag(a)QBg(b)(véla+b 8)1& 3,0, 0 0 1,0, 1, O 0 nén-
g(11)=2.
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| uses crt; .

var g,c : array[-1..1000] of integer;
n,k : integer;

procedure tinh(m: integer);

var i, j, k : integer;

begin '
i:=—1} jr= m-i-3;

while i<=j do

for k:=3 to n do
begin
fillchar(c, sizeof{c),0);
tinh(k); write(g([k]:4)
end;
readln;
END.

= 0; write(g[0]

begin
clgli] xor g[j]] := 1;
inc(i); dec(j);
end;
i:= 0;
while c[i]=1 do inc(i): ¢
glm] := 1i;
end;
BEGIN
clrscr; n := 100;
g[-1] := 0; write(g[-1}:4); g[0]
gf{l] := 1; write(g(1l]:4); g(2] := 1;

:4);

write(g[2]:4);

Vi dy 4. Xét trd ‘choi Nim m{t coc v&i quy ludt chuyén it nhat 1a mét quan va

nhiéu nhét 13 nira s quén trén coc (A1-Most-Half). Viét chucmg trinh xay dung

ham Sprague-Grundy véi tro choi nay.

Input. Tép vidu4.inp gdbm 10 dong mdi dong 13 mjt gia trj cua n (1 <n<10000).

- Output. Tép vidu4.out gbm 10 dong cho biét gia tri ham SG tai vi tri ban ddu n
cua dong tuong u'ng trong te;p vidud.inp..

uses crt;
const max = 10000; )
f1 = 'vidu3.inp'; f2 = 'vidu3.out';
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type mang = array{0..max] of longint;
var v,g : mang; )
n : longint;

fi,fo : text;

procedure sg;

var i,Jj,k : longint;
begin

for i:=0 to max do g{i]
g(0] := 0;

for i:=2 to max do
begin

-for j:=0 to max do Vv[j] 0;

for k:=1 to (i div 2) do v{[g[i-k]] := 1;
1ke= 0; ' : ‘
while v[k]=1 do inc(k);

gli] := k;

end;

end;

BEGIN

s9;

assign(fi, f£1); réset(fi);

assign(fo, f2); rewrite(fo); ‘

while not eof (fi) do ‘ o
begin ‘ =

readln(fi, n);

writeln(fo, gln]);

end; .

close(fi); close({fo);

END. ) '

"
o
~

It

4. Cic tro choi lgt xu
a) Lat xu mot chiéu

Phdt biéu. Cho mot hang gdm hiru han ddng xu dit ngira hoic sdp. Mot luot di
1a mot thao téc ddi trang thai ngira thanh sip hodc nguoc lai cia toan bd céc
ddng xu ‘thudc mdt tip céc ddng xu thod mén céc luét quy dinh cua tung tro
choi. Tré choi két thic khi céc dong xu déu sip. Ai duoc thyc hién bude 1at cubi
cung thi ngudi do6 chién thing. Tro chcn lat rua (Turnmg Turtles) cling 13 mét
dang cua trd choi 14t xu.
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Cha y rang mot trang thai véi & déng Xu ngua tai vitri x,,...,x, co thé coi 1a
tbng cta £ trd choi j (j "717)* M3i trd choi J dugc mb ta la mot day x, ddng
xu trong d6 cac déng xu tir 1 dén x,, dat sip va ddng xu thir X, ‘dat ngtra. Vi dy

véi trang thai SNNSSN (S ki hiéu cho sdp va N ki hi¢u cho ngira) la tong cua ba
trd choi SN, SSN va SSSSSN. Vi thé:

: g(SNNSSN )=g(SN)® g(SSN)® g(SSSSSN) .
Vi dy 1, Tro choi Twins

Quy luat choi 1a phai 1at dung hai dong Xu trong d6 dong xu bén phai dang ngira
bi 14t thanh sip, ddng xu thr hai 1a mét trong céc ddng xu bén trai cia ddng xu
tha nhit va phai 14t thanh ngira. Néu ta danh sé cac ddng xu tir 1 thi ham
g(x)=x Vi tr vi tri x c6 thé di dén cdc vi tri tir 0 dén x — 1 (vi tri 0 quy wéc la

trang thai cac ddng xu déu sép).

Vi dy 2. Tro choi Mock Turtles

Phdt biéu. C6 mot hang ddng xu, phép di chuyén 1a 1at mdt nhom téi da ba ddng
Xu véi diéu kién ddng xu bén pha1 nhét cia nhém dang ngira. Khi moi ddng xu
déu sap 1a két thic.

Phdn tich. Vi tri két thic 1a moi déng xu déu sdp. Ki hiéu vi tri nay la -1, thi
g(~1) = 0. D thusn tién cho tinh toan ta danh d4u cc ddng xu tir 0. Vi ddng xu
ngura tai O thi 18 rang véi g(0) =1 vi lat sép n6 s& dén vi tri két thuc. Déng Xu ngura
tai vi tri 1 c6 thé di dén vi tri ngira tai 0 (4p xu 1, 14t ngira xu 0) hoac vi tri két thic
(4p xu 1) nén gié tri g(1) = 2. Vi tri ngira 2 c¢6 thé di dén vi tri ngira 1, hogic vi tri
ngura 0, hodic cac vi tri ¢6 2 xu ngira tai 0 va 1 (g(0, 1) = g(0) ® g(1) = 3) nén
g(2) = 4. Tuong ty ta c6 dugc bang gia tri:

x j0[1}2]3]|4]|5 6'178,9‘1011 1213 [14]..

g(x) 1{2(4|7(8]11|13|14}16]19]|21]22]25]26]28

Khl nhin vao bang tren dy doan gié tri g(x) thdy g(x) 2x hodc 2x +1. Ngudi
ta phat hi¢n rang gia tri d6 phy thudc vao ) luo'ng s6 1 ‘trong khai trién nhj phén
cta 2x. Mot so tu nhién dwoc goi 12 bit 1¢ néu sb bit 1 trong kha1 trién nhi phan
lalé va goi 1 bit chin trong truong hop nguoc lai. Chang han, sb 1, 2, 4, 7 1a bit



