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LOI1 NOI BDAU
Toan Roi rac (Discrete mathematics) 1a mon toan hoc nghié€n ctru céc ddi tuong roi
rac. N6 duoc tng dung trong nhiéu nganh khoa hoc khac nhau, dac biét 1a trong tin hoc
boi qué trinh xur ly thong tin trén mdy tinh thuc chat 1a mQt qué trinh roi rac.

Pham vi nghién ctru cua Todn Roi rac rat rong, co thé chia thanh céc mon hoc khac
nhau. Theo quy dinh ctia chuong trinh mén hoc, gido trinh nay dé cap dén céc linh vyc:
Thuét todn va bai todn dém; Ly thuyét dd thi; Pai sb Logic va dugc chia thanh 8
chuong:

- Chuong 1 dé cap dén mot trong céc van dé co ban nhit cta Thudt todn dé 1a d6
phirc tap vé thoi gian ciia thuat todn.

- Chuong 2 néi vé cdc nguyén 1y co ban ctia Bai todn dém.

- Céc chuong 3, 4, 5 va 6 trinh bay vé Ly thuyét do thi va cdc g dung. Diy 1a phan
chiém ty trong nhiéu nhat cia gido trinh. Trong d6 c6 cic chuong vé céc khdi niém co
ban ctia d thi, cdc dd thi ddc biét nhu d6 thi Euler, dd thi Hamilton, d6 thi phing, Cay
cling cic tmg dung cua cdc do thi dic biét nay. Riéng chuong 6 danh cho mot van dé
trong 1a mot sO bai todn tdi wu trén dd thi hodc bai toan toi wu duoc giai b:%mg céach Ung
dung 1y thuyét do thi.

- Chuong 7 la céc kién thire co ban vé Pai sé6 Boole, mot cong cu hiru hi€u trong
viéc thiét ké cdc mach dién, dién tu.

Cubi gido trinh 1a phu chwong: Nhitng khdi niém co ban vé todn Logic dé ngudi
hoc ¢6 thé ty nghién ctru thém vé Todn Logic.

Trong mdi chuong ching toi ¢ ging trinh bay cic kién thirc co ban nhit cua
chuong d6 cung cac thi du minh hoa cu thé. Vi khudn khé s tiét hoc nén ching t61
lugc bo mot sd ching minh phire tap. Cudi mdi chwong déu c6 céc bai tap dé ngudi hoc
mg dung, kiém ching céc 1y thuyét da hoc, dong thoi ciing cung cap mot s6 ddp sb cua
cac bai tap da cho.

Ciing can néi thém rang toan Roi rac khong chi duoc (mg dung trong tin hoc ma
con dugc tng dung trong nhiéu nganh khoa hoc khéc. Bdi vay gido trinh ciing ¢6 ich
cho nhiing ai can quan tdm dén cédc tng dung khic cia mén hoc nay.

Téc gia xin chan thanh cam on céc ban dong nghiép da dong vién va gép ¥ cho
viéc bién soan gido trinh nay. Pic biét ching tdi xin cam on Nha gido uu ti Nguyén
Pinh Hién di hiéu dinh va cho nhiéu y kién déng gép b ich va thiét thyc.

Vi trinh d§ c6 han va gido trinh dugc bién soan lan dau nén khong tranh khdi cac
thiéu s6t. Tdc gia rat mong nhan dugc cic ¥ kién déng gép cua cic ddng nghiép va ban
doc vé cdc khiém khuyét cta cudn sach.

TAC GIA
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CHUONGH.
THUAT TOAN

1. Dinh nghia.
2. MBb ta thuat toan bang luu do.
3. MO ta thuat toan bang ngdn ngit phong Pascal.
3.1. Cau lénh Procedure (thu tuc) hodc Function (ham).
3.2. Céau lénh gan.
3.3. Khdi ciu Iénh tuan ty.
3.4. Cau l¢nh diéu kién.
3.5. Céc cau I¢nh lap.
4. DJ phuc tap ctua thuat toan.
4.1. Khai niém do tang cua ham.
4.2. Do tang cua td hop cdc ham.
4.3. Do phuc tap cua thuat toén.
5. Thuét toan tim kiém
5.1. Thuat toan tim kiém tuyén tinh (con goi la thudt todn tim kiém tuan tu).
5.2. Thuét todn tim kiém nhi phén.
6. Thuat toan d¢ quy.
6.1. Cong thirc truy hoi.
6.2. Thuat todn dé quy.
6.3. Dé quy valap
7. Mot sb thuat todn vé sd nguyén.
7.1. Biéu dién céc sd nguyén.
7.2. Cong va nhan trong h¢ nhi phan.

1. Pinh nghia

Thuat todn (algorithm) 12 mot ddy cdc quy tic nham xdc dinh mot diy céc thao tdc
trén cdc d6i twong sao cho sau mdt sé hiru han budc thuc hién sé dat dwoc muc tiéu
dat ra.

Tu dinh nghia cua thuat toan cho théy céc dac trung (tinh chit) co ban cua thuat todn
la:
a. Yéuto vao, ra:
e Dau vao (Input): Mdi thudt todn cé mot gid tri hodc mot bo gid tri dau vao
tor mot tap xac dinh da duoc chi ro.
e Diura (Output): Tur céc gia tri dau vao, thuét todn cho ra cic gia tri can
tim goi 1 két qua ctia bai todn.
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b. Tinh dung:
Sau mdt s6 hitu han budc thao tiac thuat toan phai két thic va cho két qua .

c. Tinh xdc dinh:
Cdc thao tac phai 16 rang, cho cung mot két qua di dugc xur 1y trén cdc bd xur 1y khéc
nhau (hai b xir 1y trong cting mot diéu kién khong thé cho hai két qua khac nhau).

d. Tinh hiéu qua

Sau khi dua dir li¢u vao cho thuat todn hoat dong phai dua ra két qua nhu y mudn.

e. Tinh tong qudt

Thuat todn phai dugc dp dung cho moi bai todn cung dang chir khong phai chi cho
mot tap dac bi¢t c4c gia tri dau vao.

C6 nhiéu cich mo ta thuat toan nhu: Diing ngdn ngir ty nhién; ding luu do (so do
khoi); dung mot ngdn ngilr 1ap trinh nao d6 (trong gido trinh nay dung loai ngén ngtr mo ta
gan nhu ngdn ngir 1ap trinh Pascal va goi 1a phong Pascal); ...

2. M ta thuit toan bang luu d6

Sau khi c6 thuat todn dé giai bai todn, trudc khi chuyén sang ngon ngir 1ap trinh, ngudi
ta thuong phai the hién thuat todn dudi dang so d6. So do d6 goi 1a luu do6 cua thuat toan.
Céc ky hi¢u quy udc dung trong luu do dugc trinh bay trong bang 1.

Bang 1. Céc ky hiéu quy wéc dung trong lvu dé thuit toin

Tén ky hi€u Ky hiéu Vai tro cua ky hi€u

Khéi mo dau Ding dé mo dau hoic két thic
hoic két thic thuat todn

Khoéi vao ra Pua dit liéu vao va in két qua

Biéu dién cédc cong thirc tinh todn
va thay doi gid tri cdc doi tugng

Khoi diéu kién Q Kiém tra cdc diéu kién phan nhdnh

Khdi tinh todn

Chuong trinh con Goi céc chuong trinh con

Hudng di cua S Huéng chuyén théng tin, lién hé
thudt todn gitra cac khoi

Thi dy: Thuat toan giai phuong trinh bac hai ax’+bx+c=0 gdm cdc budc sau:

1) Xac dinh céc hé s6 a, b, ¢ (thong tin dau vao)
2) Kiém tra h¢ so a:

- Néu a =0: Phuong trinh da cho 12 phuong trinh bac nhat, nghiém la: x= —% .

- Néu a #0: Chuyén sang budc 3.
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3) Tinh biét thic A =b" - 4ac.
4) Kiém tra dau cua biét thic A
- Néu A>0: Phuong trinh c¢6 nghiém thuc
- Néu A <0: Phuong trinh c¢6 nghiém phirc
5) In két qua

Luru d6 cua thudt todn duoc trinh bay trong hinh 1

Nhéap a, b, ¢
v
| Sai @ Ding ]
2 C
= X=——
b
Phan thyc = _b X, :ﬂ
2a 2a
X N-A —b+A
Phan 40 = Xy S
2a 2a
Thoéng béo\l/ké't qua

Hinh 1. Luu dé gidi phwong trinh bdc hai
3. Mo ta thuit toan bang ngon ngir phéng Pascal

Pé giai bai todn trén mady tinh dién tir phai viét chuong trinh theo mot ngdn ngir 13p
trinh nao d6 (Pascal, C, Basic, ...). Mbi ngon ngir 1ap trinh c6 mot quy tac cau tric riéng.
Dé thay viéc mo ta thuat todn bing 101, c6 thé mo ta thuat todn bang cdc cdu tric 1énh
twong ty nhu ngdn ngtr 1ap trinh Pascal va goi la ngdn ngir phong Pascal.

Cdc cau 1énh chinh dung dé mo ta thuét todn gdm c6: Procedure hoac Function; cau
1énh gdn; cdc cau 1énh diéu kién; cdc vong lip. Ngoai ra khi can giai thich céc ciu 1énh
bang 10, c6 thé dé céc 10i giai thich trong ddu (* ... *) hodc {...}.

Nghia [a ngébn ngir phong Pascal hoan toan tuong tu ngén ngir 1ap trinh Pascal, nhung
khong c¢6 phan khai bdo. Tuy nhién, phai néu rd dau vao (Input) va dau ra (output) ciia
thuat toan.
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3.1. Cau lénh Procedure (thi tuc) hoiac Function (ham)

Dung ngay sau cdu 1énh nay la tén cua thu tuc hoac tén ham. C4c budc thuc hién cua
thuat todn dwgc mo ta trong thu tuc (ham) dugc bat dau boi tir khéa begin va két thiic boi
tur khéa end.

Thidu 1
Function Max(a, b, ¢) (* Ham tim s6 16n nhat trong 3 sba,b,c *)
Begin
(* than ham*)
End;

Thidu 2
Procedure Giai_phuong_trinh_bac_hai (* Thu tyc giai phuong trinh bac hai *)
Begin
(* than thu tuc *)
End;
Chi y rang, khi mo ta thuat toan bang function, trudc khi két thic (end) thuat todn
phai tra vé (ghi nhan) gié tri cta function dé.

3.2. Cau lénh gan
Dung dé gén gia tri cho céc bién. Cach viét:
Tén bién := gid tri gén
Thidu: x = a; (*bién x duoc gan gia tri a*)
max :=b; (*bién max dugc gin gia tri b*)

3.3. Khéi cAu Iénh tuin tu
DPugc mé dau bang tir khéa begin va két thiic bang end nhu sau:
begin
Cau 1énh 1;
Cau Iénh 2;
Cau 1énh n;
end;
Céc Iénh duoc thyc hién tuan ty tir cAu 1énh thir nhat dén cau 1énh cudi ciing.

3.4. Cau lénh diéu kién
C6 hai dang: dang don gian va dang lya chon.

a. Dang don gian: Cach viét:
if <diéu kién> then cAu 1énh hodc khdi cau Iénh;
Khi thuc hién, diéu kién dugc kiém tra, néu diéu kién thoa man thi cau 1énh (khdi cau
1énh) dugc thyc hién, néu diéu kién khong thoa man thi 1énh bi bo qua.
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b. Dang lwa chon: Cich viét:
if <diéu kién> then cAu 1énh hodc khdi cau Iénh 1 else cau 1énh hodc khoi ciu 1énh 2;
Khi thuc hién, diéu kién duoc kiém tra, néu diéu kién thoa man thi cau 1énh (khdi cau
1énh) 1 duogc thyuc hién, néu diéu kién khong duoc thda man thi cau 1énh (khdi cau 1énh) 2
duoc thuc hién.

Thi du I. Thuat todn tim s6 16n nhat trong 3 ) thuc a, b, c.
- PAu tién cho max = a;
- So sdnh max voi b, néu b > max thi max = b;
- So sanh max véi c, néu ¢ > max thi max = c.
Function max(a,b,c)
Input: 3 $b thuc a,b,c;
Output: S6 16n nht trong 3 s da nhép;
Begin
X = a;
if b>x then x:=b;
if ¢>x then x:=c;
max = X;
End;

Thi du 2. Thuat todn giai phuong trinh bac hai ax” +bx +c=0
Procedure Giai_phuong_trinh_bac2;

Input: Cac hé s a, b, c;

Output: Nghi€ém cua phuong trinh;

begin
if a=0 then x :=-c/b;
if a# 0 then
begin
A:=b*— 4ac;
if A>0 then
begin
xi=(-b- ~A)2a;
X2 = (= b ++/A)2a;
end
else
begin
Phan thuc := -b/2a;
Phén 40 := (\—A )/2a;
end;
end;
end;
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3.5. Cac cau Iénh lap
C6 hai loai: Loai c6 budce lap xac dinh va loai c6 budc 1dp khdong xdc dinh.

a. Loai c6 bwée lap xac dinh: Cach viét nhu sau:

for bién diéu khién := gid tri ddu to gid tri cudi do cau 1énh hodc khéi cau 1énh;

Khi thuc hién, bién diéu khién dugc kiém tra, néu bién diéu khién nho hon hoic bang
gid tri cudi thi ciu 1énh (khdi cau 1énh) dwogc thyuc hién. Tiép d6 bién dicu khién sé& ting
thém 1 don vi va qu4 trinh dugc 13p lai cho dén khi bién diéu khién 16n hon gid tri cudi thi
vong lap ding va cho két qua. Nhu vay hét vong lap for s6 budc lap 1a gid tri cudi (cua
bién diéu khién) trir gid tri dau cong mat.

Thi dy: Tim gi4 tri 16n nhét cta day sb ay, a, ...,a,

Thuat toan: Pau tién cho gid tri 16n nhat (max) b?mg aj, sau d6 lan luot so sdanh max
véi céc sb a i=2,3,...,n), néu max < a; thi max bé‘mg a;, néu max > a; thi max khong doi.

Function max_day_so;

Input: Day $6 a, a, ... ,an;
Output: Gid tri lon nhat (max) cua day s6 da nhap;
begin

max :=aj ;

for i:=2 to n do
if a;> max then max :=a; ;
max_day_so := max;
end;
Chii thich: Vong lap for con cch viét 1ui bién diéu khién nhu sau:
for bién dicu khién := gia tri cudi downto gia tri dau do cau 1€nh hoac khdi cau I¢nh;

Viéc thyc hién cau Iénh nay tuong tu nhu khi viét bién di€u khién tdng dan.

b. Loai ¢é buéc lip khong xac dinh: C6 hai cich viét

Cdch thir nhat: while diéukién do cau lénh hoic khoi cau 1énh;

Khi thyc hién, diéu kién dugc kiém tra, néu diéu kién dugc thoa man thi cau 1énh
(khoi cau 1€nh) dugc thuc hién. Néu diéu kién khong thoa man thi vong 1dp dung va cho
két qua.

Thi dy: Kiém tra xem s6 nguyén duong m da cho c¢6 phai 12 s6 nguyén t6 khong?

Thuat toan nhu sau: SO m 1a s6 nguyén t0 néu n6 khong chia hét cho bat cir s6 nguyén
duong khéc 1 no nho hon hodc bang vm .

That vay, néu m 12 mot hop sd (khong phai 1a s6 nguyén td), nghia 1a ton tai céc sb
nguyén duong a, b sao cho:

m=ab = a<+m hoicb< +/m

Vay, néu m 1a s6 nguyén t6 thi m khong chia hét cho moi s6 nguyén dwong i, 2< i< v/m
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Procedure nguyento(m);
Input: SO nguyén duong m;
Output: True, néu m 12 s6 nguyén t6; False, néu m khong phai 12 s6 nguyén td;

begin
1:=2;
while i <+/m do
begin
if mmodi =0 then nguyento := false
else nguyento := true;
1:=1+1;
end;
end;

Cdch thir hai: repeat cau I¢nh hoac khdi cau 1énh until diéu kién;

Khi thuc hién, cau 1énh (khéi cAu 1énh) dugc thuc hién, sau d6 diéu kién dugc kiém

tra, néu diéu kién sai thi vong lap dugc thuc hién, néu diéu kién ddng thi vong 1dp dung va
cho két qua.

Thi dy: Thuat todn O-clit tim wéc sd chung 16n nhat cua hai s6 nguyén duong a, b

nhu sau: Gid st a > b va a chia cho b dugc thuong la q va s6 du 1a r, trong d6 a, b, q, r la

cac sO nguyén duong:
a=bq+r

suy ra: UCLN(a, b) = UCLN(b, 1)
va s6 du cudi ciing khic khong 1a ude s6 chung 16n nhét ciia a va b.

Thdt vay: Gia su d la udc s6 chung cta hai s6 nguyén duong a va b, khi d6: r=a—

bq chia hét cho d. Vay d 12 u6c chung ciia b var.

Nguoc lai, néu d 1a ude sd chung cua b va r, khi d6 do bq + r = a ciing chia hét cho d.

Vay d la udc s6 chung cuia a va b.

Chang han, mudn tim wéc sd chung 16n nhat ctia 111 va 201 ta 1am nhu sau:
201 =1.111+4+90

111 =1.90+ 21
90=4.21+6
21=3. 6+3
6=2.3

Vay UCLN(111, 201) = 3 (3 1a s6 du cudi cuing khéc 0).

Function UCLN(a, b)
Input: a, b 12 sd nguyén duong;
Output: UCLN(a, b);
begin
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X = a;

y:=b;

repeat

begin
r:=xmody; (*rlaphan du khi chia x cho y *)
X:=y; Yyi=T;

if y#0thenuc:=y;
end;
until y = 0;
UCLN :=uc;
end ;

Chu y: Khi gidi c4c bai todn phuc tap thi thuong phai phan chia bai todn d6 thanh
céc bai todn nho hon goi 1a cic bai todn con. Khi d6 phai xdy dung cic tha tuc hodc ham dé
gidi cdc bai todn con d6, sau d6 tap hop cdc bai todn con nay dé giai bai todn ban dau da
dat ra. Thuat ngir tin hoc goi cac chuong trinh giai bai todn con dé 1a cac chuong trinh con.

Thi dy: Tim sé nguyén t6 nhé nhat 16n hon s6 nguyén duong m da cho.

Procedure So_nguyen_to_lon_hon(m);
Input:  S6 nguyén duong m;
Output: n 12 s6 nguyén t6 nho nhat 16n hon m;
begin

n:=m+1;

while nguyento(n) = false do n:=n+1;
end;

4. Do phirc tap ciia thuat toan

C6 hai ly do lam cho mot thuat todn ding cé thé khong thyc hién dugc trén mdy tinh.
D6 1a do mdy tinh khong du b nhé dé thuc hién hodc thoi gian tinh todn qud dai. Twong
ung voi hai 1y do trén nguoi ta dua ra hai khai niém:

- P§ phirc tap khong gian ciia thuat toan, d phirc tap nay gan lién voi cdc clu tric
dir lidu dugc sir dung. Van d& nay khong thudc pham vi ciia mén hoc nay.

- P phirc tap thoi gian cia thuit toan, do phic tap nay duoc thé hién qua sb luong
cdc cau 1énh vé cdc phép gdn, cdc phép tinh sb hoc, phép so sdnh, ... dugc s dung trong
thuat todn khi cic gid tri dau vao c6 kich thudc da cho.

4.1. Khai niém d¢ tang ciia ham

Trude hét xét thi du: Gia st thoi gian tinh todn ctia mgt thuat todn phu thudc vao kich
thude n cua dau vao theo cong thirc:
t(n) = 60n”* + 9n + 9
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Béng sau cho thiy khi n 16n, t(n) x4p xi s6 hang 60n” :

n t(n) = 60n” +9n + 9 60n”
10 9099 6000
100 600 909 600 000
1 000 60 009 009 60 000 000
10 000 6 000 090 009 6 000 000 000

Pinh nghia: Cho f(x) va g(x) 12 hai ham tir tp s6 nguyén hoidc tip s6 thuc vao tip
cdc s thuc. Nguoi ta ndi f(x) 1a O(g(x)) hay f(x) cé quan hé big-O v6i g(x), ky hiéu f(x) =
O(g(x)), néu ton tai hai héng s6 C va k sao cho:

If(x)| < C.lgx)l, Vx=>k

Thidul.  t(n)=60n"+9n+9 = O(n’)
That vay: Vn2>1,tacéd: | 60n”+ 9n +91 = 60n” + 9n +9

= n2(60+2+%J
n n

< 0’ (60+9+9) = 78n’.
Vay C=78; k=1.
Tuong ty ta ¢6 thé ching minh:
P.(x) = apx" + a;x" + ... +a,= 0(x") ,x € R.

Thidu2. f(n)=1+2+3+..+n <n+n+n+..+n =nn = n’.

Vay f(n) = O(n).
Thidu 3. Tacé: n!<n”, suyra: n!=0("); (C=k=1)
Thidy 4. Vn: n! <n", lgn!)<nlgn,

suyra lg(n!)=0O(nlgn); (C=k=1)
Thidy5. Tacé: lgn<n,suyra Ign=0(m); (C=k=1)

C6 thé hiéu don gian quan hé f(x) = O(g(x)) 1a f(x) va g(x) 1a "cling cap", tuy nhién
g(x) 12 ham don gian nhat c6 thé dai dién cho f(x) vé d6 16n ciing nhu tdc d6 bién thién.
4.2. Pj ting cia to hop cic ham

Pinh ly: Néu f;(x) = O(gi(x)) va fr(x) = O(g2(x))

Thi: 1) (fi + f5)(x) = O(max{gi(x), g2(x)}).

2) (fi.h)(x) = O(gi(x).g2(x))
Chung minh: Theo gia thiét, ta co: i)l < Cilgx)!l , Vx>k
| fz(X)l < Gl gz(X)) I, Vx>k
Chon k = max(k;; k) thi ca hai bat ddng thirc déu thoa man. Do dé:
D) I(f; + £)) = (X)) + B! < ()] + (%)l <
< C1|g1(X)| + C2|g2(X)| < (C1 + Cz)g(X)
o day g(x) = max{lg;(x)l, lg2(x)I}.
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2) I(fr.R)X)I = IH)LBX) S CC Igi(x)LIgx)l = CiCalgi(x)g(x)l
Hé qua: Néu fi(x) = O(g(x)), f2(x) = O(g(x)) thi (fi+H)(x) = O(g(x))

Thi dy. Cho déanh gid O cua cac ham:
1/ f(n) =2nlgn!) + (0’ + 3)lgn ,ne N.
2/ f(x)=(x+ Dlgx*+ 1) +3x*, xe R.
Giai: 1) Taco: 1g(n!) =O(nlgn) = 2nlg(n!) = O(nzlgn)
(n3 + 3)lgn = O(n3lgn)
Vay f(n) = O(n’lgn)
2) Tacé: lg(x* +1) <1g2x* =1g2 + 2lgx < 3lgx, Vx> 1
= lgx*+ 1) =0(gx) = (x+ Dlg(x*+ 1) = O(xlgx)
Mat khéc: 3x* = O(XZ) va max{xlgx; xz} = x>
Vay f(x) = O(xd).

4.3. Do phirc tap cua thuat toan
Nhu d4 néi ¢ phan dau ctia muc 4, ching ta chi dé cap dén do phuc tap vé thoi gian
cua thuat toan. Bg phurc tap vé thoi gian cua thuat todn dugc danh gid qua sb lugng
céc phép todn ma thuat todn sir dung. Vi vay phai dém cdc phép todn c6 trong thuat ton.
Céc phép todn phai dém la:
- Céc phép so sdnh céc s6 nguyén hoic s6 thuyc;
- Céc phép tinh $6 hoc: cdng, trir, nhan, chia;
- Céc phép gan;
- Va bat ky mot phép tinh so cap nao khac xuat hién trong qud trinh tinh todn.
Gia su s6 céc phép todn cua thudt todn la f(n), trong d6 n la kich thude dau vao, khi
d6 ngudi ta thudng quy do phire tap vé thoi gian cta thuat todn vé cdc mirc:
e Do phirc tap O(1), goi 1a do phirc tap hang sb, néu f(n) = O(1).
e D¢ phuc tap O(logan), goi 1a d phurc tap logarit, néu f(n) = O(log,n). (Diéu kién a
>1)
Do phuc tap O(n), goi la do phuc tap tuyén tinh, néu f(n) = O(n).
Do phuc tap O(nlog,n), goi 1a d§ phtic tap nlogarit néu f(n) = O(logan). (Piéu kién
a>1)
e Do phirc tap O(n®), goi 1a d6 phirc tap da thirc, néu f(n) = O(n®).
e Do phirc tap O(a"), goi 1a 6 phirc tap mii, néu f(n) = O(a"). (Piéu kién a > 1)
e Do phtic tap O(n!), goi la do phuc tap giai thura, néu f(n) = O(n!).

Thi dy 1. Tim d6 phirc tap cua thuat todn dé giai bai todn: Tim s 16n nhat trong diy n
sO nguyén ay, a, ..., a, da cho:

Procedure max(ay, ay, ..., a,);
Input: Day ) aj, ap, ..., an;
Output: S6 16n nhat (max) cta ddy s di cho;
begin
max := aj;

fori:=2to n do
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if a;>max then max := a;;
end;

M&i budc cua vong lap for phai thuc hién nhiéu nhat 3 phép toan: phép gén bién
diéu khién i, phép so sanh a; voi max va c6 thé 1a phép gan a; vao max; vong lap ¢6 (n — 1)
bude (i =2, 3, ..., n) do d6 nhiéu nhét c6 ca thay 3(n - 1) phép todn phai thyc hi¢n. Ngoai
ra thuat todn con phai thuc hién phép gan dau tién max := a;.
Vay sb phép todn nhiéu nhat ma thuat todn phai thuc hién 1a:
3n—1)+1=3n-2=0(n)
Do phc tap vé thoi gian ctia thudt todn 1a d6 phire tap tuyén tinh.

Thi du 2. D0 phtic tap cua thudt todn nhan ma tran.

Procedure nhan_matran;
Input: 2 ma trdn A = (a;j)mxp va B = (bij))pxn;
Output: ma tran tich AB = (Cij)mxn
Begin
for i:=1to m do
for j:==1to n do
begin
Cij .= O;
for k:=1 to p do
Cij = Cjj + aikbyj ;
end;
End.

S6 phép cong va sd phép nhan trong thuat toan trén la: Voi mdi phan tir cij phai thuc
hién p phép nhan va p phép cong. C6 tat ca m.n phan tir cij, vay phai thyc hién 2mnp phép
cong va phép nhan.

Dé xédc dinh do phiic tap ctia thuat todn, ta gia sir A, B 12 hai ma tran vudng cip n,
nghia 12 m = n = p. nhu vy phai can 2n’ phép cong va phép nhan. Vay do phirc tap cia
thuat toan 1a O(n3) — do phtrc tap da thtrc.

Mot diéu thd vi 13, khi nhan tir 3 ma tran trd 1én thi s6 phép tinh cong va nhan phu
thudc vao thir tuy nhin cac ma tran éy. Chéng han A, B, C la cdc ma tran c6 kich thudc
tuong ung la 30x20, 20x40, 40x10. Khi doé:

Néu thyuc hién theo thtr tw ABC =A(BC) thi tich BC 1a ma tran kich thudc 20x10 va
can thuc hién 20.40.10 = 8000 phép tinh cdng va nhan. Ma tran A(BC) c¢6 kich thude
30x10 va can thyc hién 30.20.10 = 6000 phép cong va nhan. Tir d6 suy ra can thuc hién
8000+6000 = 14000 phép tinh cong va nhan dé hoan thanh tich ABC.

Tuong tw, néu thuc hién theo thir ty ABC = (AB)C thi can thyc hién 30.20.40 phép
tinh cong va nhén dé thuc hién tich AB va 30.40.10 phép cong va nhan dé thuc hién tich
(AB)C. Do d6 sb cdc phép tinh cong va nhan phai thuc hién dé hoan thanh tich ABC 1a
24000+12000 = 36000 phép tinh.

R& rang hai cdch nhdn cho két qua vé sd lugng céc phép tinh phai thuc hién 1a khic
nhau.
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5. Thuit toan tim kiém

Bai todn tim kiém dugc phat biéu nhu sau: Tim trong day sb aj, a, ..., a, mot phén to
c6 gid tri bang s6 a cho trude va ghi lai vi tri ctia phan tir tim duoc.
Bai todn nay c6 nhiéu ng dung trong thuc té. Ching han viéc tim kiém tir trong tir
dién, viéc kiém tra 13i chinh ta cia mot doan van ban, ...
C6 hai thuat todn co ban dé giai bai todn nay: Thuat todn tim kiém tuyén tinh va thuat
toan tim kiém nhij phan. Chiing ta 1an luot xét cdc thuat todn nay.

5.1. Thuit toan tim kiém tuyén tinh (con goi 1a thuit toan tim kiém tun tu).

Pem so sanh a lan lugt véi a; (i=1, 2, ..., n) néu gdp mot gid tri a; = a thi ghi lai vi tri
ctia a;, néu khong gip gid tri a; = anao (a; # a. Vi) thi trong diy khong c6 s6 nao bang a.
Procedure Tim_tuyen_tinh_phan_tu_bang_a;

Input: avaday s ay, ay, ..., an;
Output: Vi trf phan tir cia ddy c6 gid tri bang a, hodc 1a s6 0 néu khong tim
thiy a trong day;
begin
1:=1;

while i<n anda;j#a) do i:=i+1;
if 1<n then vitri:=1 else vitri:=0;
end;

Nhu vay néu a duge tim théy O vi trf thir i ciia day (a; = a) thi cau Iénh i :=1+ 1 trong
vong lap while dugc thyc hiénilan (i =1, 2, ..., n). Néu a khong dugc tim thay, cau 1énh
phai thyc hién n 1an. Vay s6 phép toan trung binh ma thuat todn phai thyuc hién la:

I+2+...+n_ n(n+1) n+l
n  on
Viy, d6 phiic tap cta thuat todn tim kiém tuyén tinh 1a d6 phuc tap tuyén tinh.

=0(n)

5.2. Thuét toan tim kiém nhij phan.
Gia thiét rang cic phan tir cua diy duoc xép theo thtr ty ting dan. Khi d6 so sanh a
re A o em 1m A . I+n A L -3 A A ) N
vOi sO ¢ gitra day, néu a < a, vl m= - (can nhac lai rang phan nguyén cua x: [x] la

s6 nguyén nho nhit c6 trong x) thi tim a trong ddy aj, ...,an , néu a > a,, thi tim a trong day
Amsl, ..., ay. DOI v6i mdi diy con (mot nira ciia diy da cho) dugc 1am tuong tu dé chi phai
tim phan tu co g1a tri bang a & mot nira diy con d6. Qud trinh tim kiém két thic khi tim
thiy vi trf cia phan tir ¢6 gid tri bang a hodc khi day con chi con 1 phan tir.

Chéng han viéc tim s 8 trong day $b 5,6,8,9,11, 12,13, 15, 16, 17, 18, 19, 20, 22
duoc tién hanh nhu sau:
Diy di cho gdm 14 s hang, chia ddy thanh 2 diy con:
5,6,8,9,11,12,13 va 15,16,17, 18, 19, 20, 22
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Vi 8 < 13 nén tiép theo chi can tim & day dau tién. Tiép tuc chia d6i thanh 2 day: 5, 6, 8, 9
va 11, 12, 13; vi 8 <9 nén lai chi phai tim & day 35, 6, 8, 9. Lai chia d6i day nay thanh 2 day
con 5, 6 va 8, 9 thdy ngay 8 thudc vé diy con 8, 9 va qud trinh tim kiém két thic, vi tri ctia
s6 8 trong ddy di cho 1a tht ba

Procedure Tim_nhi_phan_phan_tu_bang_a;

Input: avaday $b a, a, ..., a, da xép theo thur tu tang;

Output: Vi trf phén tir cia ddy c6 gid tri bang a, hodc 1 s6 0 néu khong tim thay
trong day;

Begin

i:=1; (*1ladiém mit trdi cia khoang tim kiém*)
j:=n; (*jladiém mut phai cia khoang tim kiém*)
while i < j do

begin

m:= I+ ;
2

if a>ay,theni:=m+l1
else j :=m;
end;
if a=a; then vitri:=1 else vitri:=0;
end;

Do phuc tap cua thuat toan tim kiém nhi phan dugc danh gid nhu sau: Khong giam
téng quét c6 thé gia st do dai cua diy aj, ap, ..., a, lan = 2" véi k 1a sb nguyén duong.
(Néu n khong phai 12 1ity thira ciia 2, ludn tim duge s6 k sao cho 27! < n < 2" do d6 c6 thé
xem day da cho 12 mot phan cia day c6 2" phan tir). Nhu vy phai thuc hién nhiéu nhat k
14n chia doi cdc day s6 (mdi nira ddy cta 14n chia d6i thi nhat ¢6 2~ phan tir, cia 1an chia
d6i thtr hai ¢6 2° 2 phan tu, ..., va cua lan chia doi thi k 1a 25 7* = 2° = 1 phan tir). N6i
céch khéc 1 nhiéu nhat ¢6 k vong lap while dugc thyc hién trong thuat todn tim kiém nhi
phan. Trong mbi vong 1dp while phai thyc hién hai phép so sanh, va vong lap cudi ciing khi
chi con 1 phan tir phai thyc hién 1 phép so sanh dé biét khong con 1 phéan tir nao thém nira
va 1 phép so sdnh dé biét a c6 phai 1a phan tir d6 hay khong. Tir d6 thy rang thuat todn
phai thyc hién nhiéu nhét 2k + 2 = 2[log,n] + 2 = O(logn) phép so sanh.

Viy, d6 phiic tap ctia thuat toan tim kiém nhij phan 13 d6 phirc tap logarit.

6. Thuat toan dé quy
6.1. Cong thirc truy héi

Doi khi rat khé dinh nghia mot ddi tugng nao d6é mot cich tuong minh, nhung c6 thé
dinh nghia d6i twong d6 qua chinh né voi dau vao nho hon. Céch dinh nghia nhu vay goi la
cach dinh nghia bang truy hoi hodc dinh nghia bang dé quy va né cho mét coéng thirc goi 1a
cong thirc truy hoi.
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Pinh nghia: Dinh nghia bang truy hdi bao gdm cdc quy tic dé xdc dinh cdc ddi
tuong, trong d6 c6 mot s quy tic ding dé xac dinh cdc dbi twong ban dau goi 1a cic didu
kién ban dau; con céc quy tic khdc dung dé xdc dinh cdc ddi tuong tiép theo goi 1a cong
thire truy hoi.

Thi du 1. Day sb a, duoc dinh nghia bang dé quy nhu sau:

ap=3; a,=a,_; +3.
Trong d6éap=31a diéu kién ban dﬁu, con a, = a,_1 + 3 1a cong thuc truy hoi.
Thi dy 2. Dinh nghia bang d¢ quy giai thira ctia s6 ty nhién n la:
GTO)=1; GTm)=nGTnh-1).
Vi GT(n) = n! = n(n-1)(n-2)...1 = n.GT(n-1). Trong d6 GT(0) = 1 1a diéu kién ban dau, con
GT(n) = n.GT(n — 1) 12 cdng thiic truy hoi.
Thi du 3. Day sb Fy, Fi, F,, ..., F, duoc dinh nghia:
F0=0; F] = 1; Fn=Fn_1 +Fn_2.
D6 chinh 1a dinh nghia bang dé quy cia day s6 c6 tén 1a diy Fibonacci. Trong d6
Fo=0, F; = 1 1a cdc diéu kién ban dau, con F, = F, _ | + F, _, 1a cong thirc dé quy.
Dé théy mot $6 s hang dAu tién cua day la: 0; 1; 1; 2; 3; 5; 8; 13; 21; ...
6.2. Thuat toan dé quy.

Nhiéu khi viéc giai bai todn véi dau vao xdc dinh c6 thé dua vé viée gidi bai todn d6

v6i gid tri dau vao nho hon. Chang han:
n!=n.(n-1)! hay UCLN(a, b)=UCLN(amodb,b), a>b

Pinh nghia: Mot thuat toan goi 1a d& quy néu thuat todn d6 giai bai todn bang cich
rit gon lién tiép bai todn ban dau t&i bai todn cling nhu vay nhung véi dir liéu dau vao nho
hon.

D@ thiy co s ciia thuat toan 12 cong thirc truy hoi.

Thi dy 1. Tinh giai thira ctia s6 tu nhién n bang dé quy.

Function GT(n);

Input:  S6 ty nhién n;
Output: Gid tri cua n!;
Begin
if n=0 then GT(0):=1

else GT(n) :=n*GT(n - 1);

End;

Thi dy 2. Tinh sb hang cta diy Fibonacci bang dé quy.
Function Fibonacci(n);
Input: Vi trf thtr n cua day Fibonacci;
Output: Gid tri F, cta day Fibonaci;
Begin
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if n=0 then Fibonacci(0) :=0
else if n=1 then Fibonacci(1l) :=1
else Fibonacci(n) := Fibonacci(n-1) + Fibonacci(n-2);

End;

Thi dy 3. Thuat todn d¢ quy tim UCLN(a, b).
Function UCLN(a, b);

Input: Hai s6 nguyén duong a va b;

Output: Udc s6 chung 16n nhat ctia a va b;

Begin

if b=0 then UCLN(a, b):=a
else if a>b then UCLN(a, b) := UCLN(a mod b, b)
else UCLN(a, b) := UCLN(b mod a, a);
End;

Bay gid ching ta thtr tim do phuc tap vé thoi gian cua mot vai thuat todn viét bang dé
quy. Chang han xét thuat toan dé quy tinh s6 hang ciia dy Fibonacci, dé tinh F, ta biéu
dién F,=F,_ |+ F,_», sau do thay thé ca hai sb nay béng téng ctia hai sd Fibonacci bac
thap hon. Qud trinh tiép tuc nhu vay cho dén khi Fy va F; xuét hién thi duoc thay bang cic
gid tri cua ching trong dinh nghia.

Modi budc dé quy cho t61 khi Fy va F, xuat hién, cdc sd Fibonacci duge tinh hai 1an.
Chang han gian d0 cdy ¢ hinh 2 cho ta hinh dung cich tinh Fs theo thuat todn dé quy. Tir
d6 c6 thé thay rang dé tinh F, can thyc hién F, , | — 1 phép cong.

Fs

Hinh 2. Lugc dé tinh Fs bing dé quy

Do phirc tap cta thuat toan dé quy tim udc sd chung 16n nhat cta hai sb nguyén
duong a, b (thi du 3): UCLN(a,b) = UCLN(a mod b,b), néua>b (amod b la phén du khi
chia a cho b) duoc danh gid bang céch tng dung day Fibonacci.

Trudc hét bang quy nap todn hoc ching ta chimg minh s6 hang tong quét cua diy
Fibonacci théa man:
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2, Vn 2> 3, trong d6 oc=1+2\/g . (1)

n-—

F.>«a

That vay:
Tacd: a<2=Fs nghiala (1) ding véin = 3.
Gia st F, > o 2 ding v6i n, xét voi n+1. D& thdy o 1a mot nghiém ciia phuong trinh
xX’—x—1=0 nénsuyra o =a+ 1. T dé:
o =t = (o + Dot P =at ol
Theo gia thiét quy nap, néun >4, tacé F,_,>0o" "> va F,> o % Thay vao dinh

3

nghia cua day Fibonacci:
Fooi=Fo+F 1 >a" 2+ =o'
Vay F,>o'" %, Vn>3.
Cong thtrc (1) dugc chirng minh.
Tro lai thuat todn dé quy tim wdc sd chung 16n nhat ctia hai s6 nguyén duong a, b (a
> b). Do phic tap cua thuat todn duoc danh gid qua sé luong cic phép chia ding trong

thuat todn nay.

DPatrop=a, r; =b, ta cé: ro =T11q; + I2; 0< n<ry,
Iy =nqp + 13; 0< r3<n,,
In - 2=TIn_1Qn_1+Tn; 0< 1 <rp_i,
In-1 =In(n;

Nhu vy phai ding n phép chia dé tim r, = UCLN(a,b). Céc thuong qi qp, ..., g1 ludn
16n hon hodc bang 1, con q, > 2. T d6 suy ra:
n, =>1=F,
-1 = 2r,=2F, = Fj,
22 Ih1+1, 2 F3+F=F,
rn >rn+rs > Fo1+F _2=F,
b=r>n+ni>F+F_1=F1.
trong d6 F, 1a s6 hang thir n trong day Fibonacci.
Vay néu n 1a sb cdc phép chia trong thuat todn O-clit tim udc s6 chung 16n nhat cta hai
$6 nguyén duong a, b thi b>F, , |, trong d6 F, 1a s6 Fibonacci thtr n.
+ \/g A n-1
5 nén b>ao .

Do Fyii>0" ' véin>2vaa =

n—1

Tuds: Igb > (n—-1)Iga> (vi lga=0,208 > %).
Vay: n—1<5lgb = n<S5lgb+1=0(gb).
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